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The su(n) symmetric antiferromagnetic finite cliain witli the fundamental representation and 
nearest-neighbor interaction is studied. A partial ordering between the lowest energy levels £{Y) 
in multiplet sectors corresponding to different Young tableaux Y is established for the chains with 
arbitrary site-dependent couplings. 

For the open chains it is proved that f (Yi) > f (Y2) if Y2 may be obtained from Yi moving 
down some of its boxes. In particular, the ground state of the chain belongs to the antisymmetric 
multiplet sector. For the rings the same condition is fulfilled if, in addition, all rows of Y2 are of 
even or odd length. The ground state is su(n) singlet if the chain's length is a multiple of n both 
for open and periodic chains. 

The results generalize the well known Lieb-Mattis theorem to chains with higher symmetries. 
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I. INTRODUCTION 



The properties of the ground state of one-dimensional spin systems have been studied intensively over a long period. 
In most cases the numerical simulations and perturbative methods are only investigation tools. Analytic solutions 
to these systems are rarely available therefore any exact result in this area is highly appreciated. Among them we 
' mention the exact solution of the spin S = 1/2 nearest- neighbor antiferromagnetic Heisenberg chain by Bethe 0]. 
Later Bethe ansatz was applied to some other one-dimensional spin models. In particular, nearest-neighbor su(n) 
" chain with spins living in n-dimensional fundamental representation was solved exactly by Sutherland 2]. Since the 
' O ' original works much attention have been paid also to those spin models, which are not integrable but whose 

C ' ground states can be constructed exactly. 

Nevertheless in many cases it is possible somehow to retrieve information about the ground state without possessing 
the exact solution. It was proved rigorously that the ground state of antiferromagnetic Heisenberg S = 1/2 ring with 
an even number of sites has total spin zero, i.e. is a singlet This result was generalized to higher spins and 
dimensions |^ . The uniqueness of ground state had been proved also H 13 • The approach is extended later to 
su{n) chains with self-conjugate antisymmetric representation 9J. The major advantage of this method is that it can 
be applied to rather general class of models with arbitrary antiferromagnetic spin exchange couplings, depending on 
lattice site, and defined on any bipartite lattice 0, • Note however that recently the exact results have been obtained 
, for frustrated spin systems on lattices with reflection symmetry without demanding their bipartiteness |l(llJ Tll|. 
' For the antiferromagnet on bipartite lattice with rather general su(2) Hamiltonian Lieb and Mattis 0, 13 proved 
, exactly that among all spin-S* multiplets only one exists with minimal eigenvalue £{S). For the chains with open 
■ boundary conditions and for the rings with even number of spins, the lowest energy level £{S) is ordered in a natural 
way, i.e. it is an increasing function of the spin S. In particular, the ground state of spin-1/2 open chain with even 
number of spins is spin-singlet Sgs — and unique, while with odd number of spins it is spin-doublet Sgs = 1/2 
' and twofold degenerate. For periodic chain the same condition is fulfilled provided that it has an even number of 
, spins. Note that very recently the ordering of the energy levels for ferromagnetic S' = 1/2 Heisenberg chain have been 
' established and proved 12]. 
O , In this article we formulate and prove the analogue of this theorem for su(n) symmetric open and periodic chains 
O ' with nearest-neighbor interaction and sites endowed with the fundamental representation. 

^ The models with such symmetry have many applications in condensed matter physics. In particular, the low 

energy properties of Sutherland chain are described by conformal field theory [lj|. Moreover, the spin systems, whose 
Hamiltonians contain higher order spin exchange terms, may possess su(n) symmetry at the certain point of the phase 
space. For instance, su(4) symmetric point exists in well known spin-orbital model 0, 0| and two-leg spin ladder 
model |16) . Recently S = 1 Heisenberg model with additional biquadratic interactions possessing su(3) symmetric 
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FIG. 1: (a) The one-dimensional A^'-site Sutherlang chain with open boundary conditions (open chain), (b) The 8-site chain 
with periodic boundary conditions (ring) . 



point |l7l Il8l | have been investigated. The systems with higher symmetries are used in quantum computation and 
quantum information |19| |. 

For the convenience, the main resuh of the article is given in the next section, while the subsequent sections are 
devoted to its complete proof. 

In Section ni^^ partial order for Young tableaux is introduced. Then the main theorem of this article, which sets 
up a partial ordering of the lowest energy levels of different sectors corresponding to different Young tableaux, is 
formulated. 

Section IlIII contains some known results from the representation theory of 5[(7i, C) Lie algebra, which are used in 
the subsequent sections. 

In Scction llVl the relative ground states on the weight subspaces are studied. For open chains they are proved to be 
unique, while for rings the uniqueness is proved for the weight subspaces with either even or odd color multiplicities. 

In Section the multiplets, to which the relative ground states belong, are determined. The lowest energy levels 
in the sectors related to non-equivalent multiplets are compared to each other. It is proved that they are ordered 
according to the partial order for corresponding Young tableaux, introduced in Section^ This completes the proof 
of the main theorem. 

The results are summarized and discussed in Section IVII 

Appendix contain the proof of well known Perron-Frobenius theorem about the non-degeneracy of the minimal 
eigenvalue of connected matrix with non-positive off-diagonal elements. 



II. MAIN RESULT 

The Hamiltonian of su(7i) symmetric nearest-neighbor antiferromagnetic A'^-site chain (see Fig.^l with fundamental 
representation has the following form: 

T , A — 1 tor open chams , ^ „ 

n^Y.'£^Ju..XtXU., where ..(A.) for periodic chains ^^^^ > 

Here n? — 1 — dimsu(n) and the first and (A^ -I- l)-th sites of the periodic chain are identified. The elements iX"" are 
antihermitian matrices acting on n-dimensional space Vn and forming the basic of su(n) Lie algebra in the fundamental 
representation. The bold subscript in Xf means that the operator X"" acts the space Vn attached to l-th site of the 
chain. The basic elements obey the commutation relations [A"", AT**] = i fabcX'^, where fabc is a real antisymmetric 
tensor and are normalized as Tr (AT'^X'') = Sab- 

If all couplings take equal values Jn+i — J then the Hamiltonian |^ is reduced to well known Sutherland chain, 
which is exactly solvable by Bethe ansatz 2J. 

The total space of states of the chain can be decomposed as 

N 

V^ = 0V^, where V~:-(g)K. (2) 

Y i=l 

Here is the subspace of formed by all su(7i) multiplets belonging to the same equivalence class characterized 
by the Young tableau Y. We'll call it in the following a Y multiplet sector. Due to 5u{n) symmetry, the Hamiltonian 
H has block-diagonal form with respect to this decomposition. 

The equivalence classes of irreducible su(n) representations, which can appear in the decomposition (|2Jl , are described 
by Young tableaux with A^ boxes having no more than n rows. Let us introduce a partial order in the set of su(n) 
Young tableaux. 



Definition 1. Let Yi and Y2 be two Young tableaux with the same number of boxes. We set Yi >- Y2 if Y2 may be 
obtained from Yi by the displacement of some of its boxes from the upper rows to the lower ones. 



Example 1. In the tableaux below the letters a and b mark the boxes, which change their positions. We have for any 
n > 3: 





1 a 1 6 











a 




b 











b 


a 





(3) 



Remark 1. Note that not all Young tableaux can be compared in this way for higher [n > 2) algebras. For example, 
the two tableaux Yi = ^~ 



and Y2 = 



with six boxes each are not related to each other by the partial order 



defined above. 



Definition 2. We'll say that the Young tableau Y has a certain parity (even or odd) if the length parities of all rows 
in Y are equal (are even or odd correspondingly). 

Now, we are ready to formulate the main result of this article. 

Theorem 1. Denote by £{Y) the relative ground state energy on the Y multiplet sector Yy of N -site chain Then 
for open chains: 

(i) f (Y) increases with respect to the partial order for Y. In other words, i/Y' >~ Y then £(Y') > f (Y). 

(ii) The relative ground state energy levels are nondegenerate in the sense that among all Y muUiplets only one has 
the lowest value f (Y). 

For periodic chains, the two aforementioned conditions are fulfilled if, in addition, the Young tableau Y has a certain 
parity in the sense of Definition\^ 

The theorem allows to get information about the degeneracy and su{n) structure of the total ground state of finite 
chain. 

Corollary 2. The space spanned by all ground states of N-site chain forms: 

(i) one- dimensional 5u{n) singlet, if N = (mod n), both for periodic and open chains; 
(ii) n- dimensional fundamental 5u{n) multiplet, if N = 1 (mod n), for open chains; 

(Hi) C!^ -dimensional m-th order antisymmetric su{n) multiplet, if N = m (mod n), 1 < m < n — 1 , for open chains. 

Proof. For A^-site chain denote by Ygs the Young tableau, whose all columns have n boxes besides the last one, which 
has m = N (mod n) boxes. From Definition of the partial order it is evident that Ygs -< Y for any other Young 
tableau Y. Note that Ygs corresponds to C^-dimensional antisymmetric s\i{n) representation (see Section If 
m = (one-dimensional s[(n, C) singlet, Ygs is n x (N/n) rectangle) then Ygs is either even or odd, because its all 
rows have the same length {— N/n). The application of Theorem ^ completes the proof. □ 

Remark 2. In case of su(2)-symmetry, is equivalent to X^z^^i^^ Jii+iSiSi-^-i, which corresponds to well-known 
Heisenberg antiferromagnetic chain. Here S — (S*^, 5^, S"^) is the spin operator on a site. The Hamiltonian is 
invariant on the subspace of constant value of the total spin operator S = X]il=i '^i- 

As has been mentioned in Introduction, for the Heisenberg antiferromagnet on bipartite lattice with rather general 
Hamiltonian Lieb and Mattis 0, 0] proved exactly that among all spin-S* multiplets only one exists with minimal 
eigenvalue £{S). Remember that the lattice is called bipartite if it can be separated into two disjoined sublattices 
A and B in such a way that the interactions present between the spins from different sublattices only. The open 
chain and the periodic chain with even number of sites are the examples of bipartite lattice. The ground state of this 
Hamiltonian has total spin S'gs = \S^ — Sisl, where Sa and S13 are the maximum possible spins of the two subsystems. 
In addition, the lowest energy level £{S) for each spin value S > Sgs is ordered in a natural way, i.e. if > 5*2 > S'gs 
then £{Si) > £{82). It follows from their result, in particular, that the ground state of spin-1/2 open or periodic 
chain with even number of spins {Sj\, = Sjs) is spin-singlet and unique. At the same time the ground state of open 
chain with odd number of spins {S_a = Sg ± 1/2) is spin-doublet Sgs = 1/2 and twofold degenerate. So it is clear that 
the condition S > Sgs is fulfilled for S = 1/2 chains. Hence, Theorem ^ and Corollary El are in agreement with the 
energy level ordering established before 0, Q ■ 



III. sl(n,C) ALGEBRA AND ITS REPRESENTATIONS 



A. Definition and fundamental representation 

As soon as we are dealing in this article with complex representations, the complex extension of the real Lie algebra 
5u(n), which coincides with the algebra sl(n, C) of all traceless complex n x n matrices, should be used instead. 

The algebra s[(n,C) consists of the diagonal part f), called Cartan subalgebra, upper b+ and down b_ triangular 
matrices, called Borel subalgebras: sl{n, C) = b_ f) b+. 

f) — span{ en — e^+ii+i \ l<i<n~l}, b+ — span{ e,;j | 1 < « < J < n}, b_ = span{ | 1 < j < z < n}, (4) 

where {i, j — 1, . . . , n) are n x n matrices, acting on the complex space Vn, with single non-zero entry at i-th row 
and j-ih column: e,j :— \i) In fact, the generators in Q are given in the defining or fundamental representation 
of s[(n,C) algebra. In the field theory language, the basic states |1) , . . . , \n) are called often the color states. The 
i-th color is assigned to the basic state In case of s[(2,C), the two colors correspond to spin-up and spin-down 
states. 

Let Si be the basic of linear forms dual to en: ei{ejj) — dij {i,j = 1, . . . , n). Then the sets of positive C h*, 
negative A_ C h* and all A C h* roots are 

A+ = {a,j \ 1 <i < j <n}, A_ = {a^, | 1 < i < j < ri}, A = A_ U A+, where aij = Si - ej. (5) 

For any a = aij, i ^ j we use another notations: ea :— eij and ha '■— en — ejj. Thus, the positive roots a € A_|_ 
(negative roots a £ A_) correspond to the upper Borel subalgebra € b+ (lower Borel subalgebra Bq G b_). Note 
also, if a G A_|_ then —a G A_ and vise versa. The roots ±a,;, where at :— aa+i, [i — 1, . . . ,n — I), are called simple 
roots. Any a G A± can be expressed in terms of simple roots with integer coefficients as a = i X]r=i "-iO^ii where 

Hi € Hi > 0. 

The basis, generated by /iq. , e^, a G A, i = 1, . . . , n — 1 is known as the Cartan- Weyl basis. The commutations in 
this basis have the following simple form: 

[h,ea] = a(h)ea, V/iGf), f^a, if /3 = -a and a G A+, 

[ea,e0] = <O, else if a ^ A, (6) 
[/ii,/i2]=0, V/ii,/i2Gt), l^e^^^^ ifa + /3GA 

The basic colors \i) i = 1, . . . ,n are weight states with the weights Si each. This means that p^{h) \i) — £i{h) \i) for 
all /i G [). The highest weight state, which is annihilated by all elements p^{ea): where a G A+, is the state |1) and 
the highest weight is £i. Other basic states could be obtained from |1) by successive application of lowering elements: 
Vn = P^(b-) Note that the elements Cq, G b+ (cq G b_) increases (decreases) the color. 

Remark 3. Sometimes, in the representation theory of Lie algebras all m-th order (1 < m < n — 1) antisymmetric 
s[(n, C) representations are called fundamental. In this article, however, we use more convenient notations for our 
purposes. The fundamental representation, as we defined here, is unique, corresponds to to = 1 case and is given by 

B. Tensor product, Young tableaux and irreducible representations 

It is well known that the tensor products of different number of fundamental representations contain all irreducible 
s[(n, C) multiplets. As it was mentioned above, these multiplets are described by Young tableaux. Let us describe 
this procedure in detail. 

For the convenience, the two kinds of parametrization for s[(n, C) Young tableau Y are used in this article: 
parametrization by row lengths and by column lengths. 

Notation. Let {A^i, . . . , N^} be a partition of iV, i.e. A^i -I- • • • -I- N^, = N, of length v <n given in nonascending order 
Ni > ■ ■ ■ > > 0. Denote by Y[iVi, . . . , 7V^] (in square brackets) the Young tableau with N boxes and ly rows, i-th 
row containing Ni boxes. Similarly, denote by Y(iVi, . . . , Ni,) (in standard brackets) the Young tableau with N boxes 
and v columns, i-th column containing Ni boxes. 

Remember that on the product space (jSJ, the sl(n,C) elements act in the standard way: 

N-l 

p^{x)^^Xi, where Xi = pl{x) = 1 (g) ■ ■ ■ (g) 1 (g) p\x) (g) 1 (g) ■ ■ ■ (g) 1 and a;G5l(n, C) (7) 



The action is invariant with respect to the permutation algebra. The irreducible representations, contained in 
V^, are obtained after the appropriate symmetrization-antisymmetrization procedure described below. Distribute 
the N indexes, corresponding to different Vn in the tensor product V^, among the boxes of Y[7Vi, . . . , N^]. We obtain 
an indexed Young tableau, each box of which is assigned to some site. Then carry out the symmetrization over all 
indexes in each row separately with the subsequent antisymmetrization over the columns. The resulting multiplet will 
be irreducible. The multiplets, constructed in this way from the Young tableaux of different shapes are orthogonal 
to each other and belong to different equivalence classes, while the multiplets obtained from the same Young tableau 
Y, are equivalent and form the sector Vy as was already mentioned in Section^ The different subspaces in the 
decomposition |5J are orthogonal. 

Example 2. Let iV = 3 and consider the Y[2, 1] = p tableau. The representation, constructed from the index distri- 



butii 



il 


«3| 


12 





corresponds to the symmetrization of first and third indexes and the subsequent antisymmetrization 



of the first and second ones. 

Remark 4. All columns in Young tableau have to contain no more than n boxes to ensure the antisymmetrization 
over the column indexes does not vanish. This fact explains the condition < n we used above for Y[A^i, . . . , N^]. 
Note that the n-length columns can be eliminated from Y, because they produce the trivial one-dimensional su(n) 
singlet. This gives rise to lower order tensor representation. However, as was mentioned in Section m we don't cut 
the columns and consider the iV-box Young tableaux only, because in this article we consider the multiplets, which 
appear in the decomposition ^ of the tensor product of N fundamental representations. 

Now we will describe in detail the irreducible representation ^ corresponding to Young tableau Y. Assigning 
to every box in Y a basic state \k) {k = 1, . . . ,n) from the corresponding site and performing the symmetrization- 
antisynimetrization procedure as it was described above, we will obtain some state from the multiplet . Thus, to 
any distribution of n colors among the Young tableau boxes, i.e. to any colored Young tableau, a state (possibly, 
vanishing) of the multiplet corresponds. Among them one can choose the following basic states. 

Definition 3. The standard basic states in are those, whose color values inside the boxes of Y don't decrease in 
left-to-right direction and increase in up-to-down direction. 

Other states either are expressed in terms of the basic ones or are vanished. 

Example 3. Consider s[(3,C) algebra acting on {N = 3)-rd order tensor space V'^. The representation p^P'^l is 
eight-dimensional and the following states form the standard basis there: 
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T] 


1 


T| 


1 


2] 


1 


H 


1 


H 


1 


H 


2 


J] 


2 


3| 


2 




3 




2 




3 




2 




3 




3 




3 





(8) 



Example 4. The fundamental representation p^ is described by the single box tableau Y[l] = Y(l) = □ and has 
n states [fc] = \k), where fc = 1, . . . ,n. The Young tableau Y(m) consisting of one column describes the m-th order 
antisymmetric representation with dimensions C™ = n\/(m\(n — my.) provided that 2 < m < n — 1. 

The above mentioned standard basic states constitute the weight space states of p^, i.e. they are diagonal with 
respect to the Cartan subalgebra [) of sl(n, C). Namely, any state ^'y from the standard basis obeys the equation 
P^(/i)5'y ~ X(h)'i>Y; where /i e [) and the weight A is expressed in terms of the linear forms Si defined in Section IlII Al 
as 



A = A 



Ni...N„ 



1=1 



N,, 



(9) 



where Ni is the number of boxes in Y filled with i-th color. Among the basic states, there is the unique highest weight 
state VPy = '^y' , which is annihilated by all rising elements Bq G b+. The corresponding highest weight Ay has the 
coefficients Ni equal to row lengths A^; of Y = Y[7Vi, . . . , N,y] ior i < ly and are zero for i > v. Ay = X)i'=i ^i^i- This 
known result is used in the article so below its complete proof is given. 



Proposition (The structure of the highest weight state). The highest weight state ^'^ 
distribution of colors in Y that all boxes in i-th row have the same color i. (See Fig. \Wa)) 



corresponds to such 



Proof. Note that the symmetrization over the rows of Y = Y[A^i, . . . , AmJ — Y(Mi, . . . , M^rJ is trivial for the states 
of this type. So, the antisymmetrization for each column remains to be performed only. Without the loss of generality 
one can suppose that the first A'^i sites of are assigned to the first column of Y in ascending order in downward 



*Y[3] = |1|1|1| 



1,1,1,11 ^ 
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FIG. 2: (a) The highest weight states ^Py for difFerent type Young tableaux. The i-th row should be filled by i-th color, (b) The 
highest weight state constructed in IjlOjl for p^l'^-^'^' (A^ = 6, n > 3). The site's index, assigned to each box, is given in the 
subscript. 



direction, next N2 sites to the second one, etc. See Fig. |2Ib) for the example. Then for the highest weight state of 
the constricted multiplet we have: 

*Y(Mi,...,M«j = ^Mi\...MnJ (g) Qm, |1 2 . . . - 1 M,) . (10) 

Here Q~^j is the antisymmetrization operator 

Q-M 1^1 ^2 • • • ^Af-i ^Af) = ^pip2...pM-iPM l^pi ^2 ■ • • ^PM-i ^pm) 1 (11) 

{Pi }ePorin(A/) 

where €p^,,,p^^ is the standard M-th order absolutely antisymmetric tensor and by Perm(Af) the group of the per- 
mutations of successive numbers {1, . . . , Af} is denoted. Thus, 1)10(1 decouples on tensor product of A^i parts, each 
consisting of anti-symmetrization of the tensor product |1 2 . . . Mi — 1 Mi). The rising elements (ca), a e A+, 
acting on each multiplier factor in the right hand side of pOfl vanish (see {TJ): 

Mi Mi 

E Pir^MQlu |1 2 . . . M, - 1 Mi) = Ql,^ '^-(^") |1 2 . . . M» - 1 M,) = (12) 

m— 1 m— 1 

Indeed, p\ea) \ k) equals either to zero or to some \k') with k' < k. In the second case, the corresponding term of the 
sum in 1(12(1 vanishes too due to the antisymmetrization over two equal states \k') performed in ((12(1 . □ 



IV. RELATIVE GROUND STATES ON WEIGHT SUBSPACES 

For our purposes it is convenient to use another form of the Hamiltonian Q . For the chain with fundamental repre- 
sentation considered in this article, the nearest-neighbor interactions in are expressed in terms of the permutations: 



D{N} D{N} 

y Ju+iPii+i=n + - Jii+i, (13) 

1=1 1=1 
where Pij permutes the colors of j-th and j-th sites resting other sites unchanged: 

-Pij \ . . ■ ki . . . kj . . .) = \ . . . kj . . . ki . . .) 

i j I j 

and D{N) is defined in Thus H differs from 7i by a non-essential scalar term. 

For any sequence Ni > obeying A^i + • • • + iV„ = N, we define by V]^^ the subspace in spanned by states 
|fci . . . /cjv), which contain A^i colors of type 1, colors of type 2, etc., i.e. {i^i \ ki = k, 1 < i < N } = Nk- In other 
words using 0: 

K,...N„ :=span{ |fci...A:jv) | p"" (eu) \ki . . . kN) = N, \ki . . . kN) , I < i < n} . (14) 

This subspace is diagonal with respect to the Cartan subalgebra: p^ {h)\YN ^ = XNi...N„{h) ■ 1 for any h £ I). It 
is called a weight subspace corresponding to weight Xni...n„ '■— X^iLi ^i^i- Given one representative \ki . . . /cjv) G 



'^Ni N other state \k[ . . . k'^) e V]^^ ^ can be obtained from it by some permutation {pi} E Perm(7V) as 

\k[ . . . k'j^) = \kp^ . . . fcp„). 

The defined subspaces constitute together the total space of the states: 

A^iH hNri=N 

v^= n....M,, (15) 

Due to the symmetry with respect to the diagonal subalgebra f), the Hamiltonian is invariant on the subspaces 
Ar„- Hence, its restriction 7i|v™ ^ on Vj^^ is well defined. We call below the minimal energy states of 

TYlyN as the relative ground states in contrast to the total ground state of 7i on the entire space V^. 



A. Uniqueness condition for the relative ground states 

Before studding the properties of minimal energy states in the subspaces Vj^^ jy provide the following definition 
for the parity of the sequence {fci, . . . , fcjv}- 

Definition 4. We say that for i < j, i-th and j-ih. elements in sequence {fci, . . . , /cat} are disordered if ki > kj, 
otherwise (fci < kj) they are ordered. Define the parity (Tki...kN — ^1 of the sequence {fci, . . . , fcjv} as the parity of 
the number of all disordered pairs in it: a-k^...kN ^ I ki>kj }_ 

Now we formulate the main result of the current section. 

Lemma 3. The Hamiltonian (|13|) has unique ground state on each subspace Vj^^ jy *^ case of an open chain. In 
case of a periodic chain, the ground state on V]^^ is unique, if all nonzero color multiplicities Ni , . . . , Nn have 
the same parity (even or odd): Ni = Nj (mod 2) if NiNj > 0. 

Proof. We'll prove the lemma in three steps. First, we will find the basis, in which all nonzero off-diagonal matrix 
elements of Ti are negative. Then we'll show that the corresponding matrix is connected (see Definition El of connected 
matrix in Appendix. In the last step, by applying the Perron- Frobenius theorem (see Appendix), we'll conclude that 
the ground state is unique. 

The parity introduced in Definition 01 above has the following nice property: for open chains, it changes the sign 
under the permutation of neighboring colors provided that they differ from each other: 

o-fei...fc,fei+i...fcjv = (-l)^"'^'°''°'+'o-fci...fci+ife,...fcjv (16) 

In order to make sure of this, note that {ki,ki^i) is the only pair of colors, which changes the ordering under the 
permutation ki fci+i. Now it is easy to see that the basis we are looking for is 

|fci . . .fcAf) = crfei...fc„ |fci . . . fcAf) , where |fci ■ • ■ fcjv) e V]^i...Ar„ (17) 

Indeed, since 7i is a sum of nearest- neighbor permutations with positive coefficients (Jn+i > 0), its nonzero 
off-diagonal elements in the basis H17(l have to be negative. 

It is evident that every two basic elements of this type in Vj^^ jy could be connected by successive permutations 

of neighboring colors, which proves the connectivity of Ti. \yN ^ in this basis. The application of the well known 
Perron-Frobenius theorem, which is given with the proof in Appendix, finishes the proof for the chains with the open 
boundary conditions. 

For the rings, however, Ti can have positive off-diagonal elements in the basis (|I7|I due to the last, A^-th term in 
()f Indeed, the assertion that the parity changes the sign under the permutation of the first and the last colors if 
they differ from each other is not true, in general. It is valid, however, provided that the nonzero color multiplicities 
have the same parity. Indeed, suppose that fci ^ fcjv and exchange fci and kjq in cfki...kf, using the successive nearest- 
neighbor permutations. While permuting with i-th color, which differs from fci and fc^r (ki 7^ fci, fci 7^ kj^), both 
fci and fc^r produce sign factors —1, which are cancelled out together. Hence, it remains to take into account the 
permutations with the colors equal to either fci or fcjy: 

crfcife2...fc„-ifc„ = (-l)^'"i+^"""Vfe„fc2...fc«-ifci, if ki^kN (18) 



Thus, the minus sign occurs, if and only if all nonzero A^i have the same parity. The proof for the rings is completed 
also. □ 



Remark 5. Let flNi...N„ G '^Ni n t)e the relative ground state. During the proof of Lemma 13 the basis (|17ll in this 
subspace has been found where aU nonzero off-diagonal elements of Ti. are negative. The Perron-Frobenius theorem 
asserts also (see Appendix) that all coefficients of rijvi...jv„ in this basis should be strongly positive: 

ifci...fcjv)Gv5;^ „^ 

^Ni...Nr,= X! Wfci...fcjv|fci...A:jv), where uJki...k„ > (19) 

l<ki ,...,/i:jv<n 

This property of the relative ground state will be used below. 

Remark 6. In 5u(2) case, there are two colors and Vj^^^^ is formed by the states with Ni spin- up and N2 spin-down 
sites, i.e. corresponds to = {Ni — N2)/2 subspace. If the ring contains even number of sites {N = 2N'), then both 
Ni and N2 have the same parity and all spin subspaces have unique ground states. This is in accordance with the 
known results about s[(2, C) symmetric chains on a bipartite lattice. If, however, the ring contains odd number of 
sites {N = 2N' + 1, the lattice is not bipartite), then the parities of Ni and differ. Recent numerical investigations 
show that the ground states in this case are in fact degenerate |2fl|,|21j. Hence, one could suppose, that the condition 
of Lemma 01 for the periodic chains is strong enough. 

Remark 7. In fact Lemma 13 possesses generalization to bipartite lattices for su(2) symmetric models only. Indeed, 
let A and B are two disjoined sublattices of bipartite lattice £. Enumerate the sites of A by successive odd numbers 
— 1,3,5,...) and the sites of B by successive even numbers (ig — 2, 4, 6, ... ). It is easy to verify that the spin 
exchange between i-th and j-th sites affects on the the parity as u,,,ki...k ... = (— l)*"-'"'...*: ...fc;... provided that ki ^ kj. 
Note that this property is valid for n = 2 only, where ki = 1,2. Since the interaction presents between the even and 
odd sites only, we conclude that all off-diagonal matrix elements of the su(2) symmetric Hamiltonian in the basis H17|l 
on bipartite lattice are negative. 



V. RELATIVE GROUND STATES ON THE MULTIPLET SUBSPACES Vy 
A. Multiplets containing relative ground states Sljvj,..]v„ 

In the previous section, using the symmetry of Ti with respect to the diagonal subalgebra f) of s[(n,C), the ground 
state degeneracy of Ti on the weight subspaces Vj^^ jy^ have been studied. However, as was already mentioned, the 
Hamiltonian possesses the symmetry with respect to entire si{n, C) algebra and has block-diagonal form with respect 
to the decomposition Q on non-equivalent multiplet sectors V^. To which multiplet sector does belong the relative 
ground state ^Ni...NrJ The following lemma adverts to this question. 

Lemma 4. For the open chain, the relative ground state fijVi...JV„ belongs to the Y multiplet sector V^, where 
Y = Y[A'p^, . . . , Np^^], the permutation {pi\ e Perm(n) is chosen to satisfy Np-^ > • ■ ■ > Np^^ and v < n is the number 
of nonzero Ni, i.e. Np^ > and Np^^.^ = 0. For the periodic chain, the condition ^N-i_...Nn ^ fulfilled if all v 

nonzero color multiplicities have the same parity. 

Proof. According to Lemma O and under the given conditions, the relative ground state r2jvi...jv„ is nondegenerate 
and all its coefficients in the basis (117(1 are positive as it was mentioned in Remark [3 

First, we'll construct a state '■^^^^ , belonging to the sector Vy , which has nonzero overlap with the relative ground 
state fJATj. jVn- Let Mi, 1 < i < m = Np^ is the length of the i-th column in Y. Using the notation from Section IlII Bl 
we can express the same Young tableau as Y = Y(Mi, . . . , Mm)- Attach to the box, which is located on i-th row and 
j-th column of Y the {i + J2j~=i Mj>)-th site of the chain. In other words, the site indexes increase successively along 
the columns. Assign to each box of i-th row the same color state \pi). Figure O describes this procedure on a concrete 

example. The state ^'y^'^, obtained in this way, is the tensor product of m antisymmetrized parts corresponding to 
columns in left-to-right direction: 

^ = ^Mil...MJ. QIj^ \pi... pM, ) ® Qm. bl ■ ■ • PM2 ) ® • • • ® Qm,„ bl ■ ■ • PAf„ ) (20) 

Note that for the trivial permutation Pi ~ i, 1 < i < n, the state above ^^f'-'^ coincides with the expression of the 
highest weight state of the current representation, given in (jlOl) : 'fy-^ = "^y- Using (|16|1 and (|17|l . the state 
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FIG. 3: The construction of states ^J'y^s l|2()|l for different permutations {pi,P2,P3} € Perm(3), each having nonzero 

overlap with the corresponding relative ground state fipipaps GHJi in case of su(3) symmetric six-site chain. The multiplet, to 
which all they belong, is characterized by the Young tableau Y[3, 2, 1]. The site indexes, given as a subscripts with respect to 
the colors, grow successively along the columns. 

defined above can be presented as follows: 



l<J<7n 

{Pi} _ ^pi...pN 

{<?; }6Pcrm(Mj) 
_ 0"pi ...pw \ ^ 



(21) 



\Pqi ■■■Pqi. 



where by Perm(iV|Mi, . . . , M„i) the following subgroup of whole permutation group Perm(iV) is denoted. Divide N 
successive numbers on m blocks, j-th block containing Mj numbers. The numbers are permuted resting each inside 
of its block. By the construction we have: Perm(iV|Mi, . . . , M^) = ®^=i Perm(Mj). Note that in the derivation of 
(|21|l we have used the fact that all numbers in each set {pi, . . . ,PMj }, 1 < J < ™, are different. 

We conclude from H21I) that the nonzero coefhcients of the state ^^^^ expressed in terms of the basis (|17|) have the 
same sign equal to crpi...p„. According to Remark [S] all coefficients of the relative ground state in the same basis are 

positive. Hence the scalar product of both states should be nonzero: ( ^Py^'^, ^Ni...Nn] 0- 



Thus, we have constructed a state '^^''^ € Vy , which has an overlap with the relative ground state ri^Tj jv^. 
Suppose now that doesn't belong to Y multiplet sector . This means that it contains a part belonging to 

the other multiplet sectors, i.e. can be decomposed as: i^Ni...N„ = M*y''^ + where fJ- ^ and Vfj, _L Vy . Since Ti 
has block-diagonal form with respect to the decomposition both ^'y^'-^ and should also be an eigenstates with 
the same eigenvalue as rijvi,,,jv„- Obviously all these states belong to the weight subspace V]^^ This contradicts 
with the conditions of the uniqueness of the relative ground state in Vj^^ jy already proved in Lemma 13 Thus, we 
conclude that i^Ni...N„ G Vy . This completes the proof. 

□ 

According to Lemma 01 for open chains all relative ground states in the weight subspaces "V^p Nj, differing by 

permutations {pi} G Perm(n) of color multiplicities belong to the same multiplet sector V^, where Y — Y[iVi, . . . , N^] 
and A^i > • • • > Nn > 0. For rings the same is true for the weight subspaces whose nonzero color multiplicities have 
the same parity. Actually it appears that they all belong to one irreducible representation . Namely, the following 
proposition is valid. 

Proposition 5. Consider a partition of N such that Ni > ■ ■ ■ > Nn > 0. For open chain all relative ground states 
.,,Afp„; where {pi} G Perm(n), belong to one multiplet C V^, where Y = Y[iVi, . . . , 7V^] and v < n is the 
number of nonzero Ni, i.e. N^ > and N^+i = 0. The multiplet Vy combines all lowest energy states in Y multiplet 
sector ■ For periodic chain the same result is true provided that the Young tableau Y has a certain parity in sense 
of Definition\^ 

Proof. Note that if the Young tableau Y[iVi, . . . , iV^] has a certain parity then Ni = Nj (mod 2) for all I < i, j < i', 
i.e. the condition of Lenima^for rings is fulfilled. 

According to Lemma 0] the relative ground state fiAr^^ jv^^^ belongs to some irreducible sl(n, C) representation 

space V^'^^'^ C Vy . It follows from the irreducibility of V^'^^^^ and sl(n, C) symmetry of Ti that all the states of 
this representation are eigenstates of the Hamiltonian with the same eigenvalue £nj,-^...Np^- W|yfi,{Pi} = £np-^...Nj,^ • 1- 

From the other hand, the subspace Vy'^^^\ like any irreducible s[(n, C) representation described by Young tableau 
Y = Y[7Vi, . . . , TVt,], contains the states ^ from the weight subspaces ^ for all permutations {qi} G 



Perm(n). Suppose now that £Np-^...Np^^ < £ni...n„- This suggestion contradicts with the fact that ^Ni...n„ is the 
relative ground state on the subspace V]^^ jy^. Similarly, the inverse relation £Np-^...Np^ > £ni...n„ contradicts with 
the fact that n„ is the relative ground state on the subspace ^ ■ 

Pi_ ' ' ' Pn ^ P \ ' ' Pn 

So, all eigenvalues have to be equal: £Np^...Np^ = £Ni...Nn- The uniqueness of the relative ground states ri^r^^ jVp^ , 

proved in LemniaO implies that all considered multiplets have to coincide: := V^'^^'\ Since any Y multiplet has 
a representative in weight subspace Vj^^ jy i the space contains all lowest energy states belonging to Y multiplet 
sector. In terms of the notation used in Theorem ^ we have: £ni...n„ = ^^C^)- The proof is completed now. □ 

Remark 8. Obviously, the relative ground state riiViiV2...Af„_iAf„ is the highest weight state of the multiplet while 
^N„N„-i...N2Ni, whose color multiplicities are places in reverse, nondescending order, is its lowest weight state. The 
later is a state annihilated by all lowering elements Cq S b_ defined in Section ITTll 



B. The ordering of relative ground state energy levels £"(¥): proof of Theorem ITl 

Proposition |5l in fact, classifies the relative ground states in weight subspaces in terms of irreducible s[(n,C) 
representations. Namely, for any ordered partition A^i > • • • > Nn > of the lowest energy states in Vj^^ 
for all permutations {pi} € Perm(n) are combined in the same Y multiplet, Y = Y[iVi, . . . , A^„], with the energy 
eigenvalue £{Y) corresponding to the minimal energy level among all Y multiplets. 

However the following question remains open: how are different relative ground state energy values f (Y) related 
to each other? In other words, could we compare the lowest energy values of two different weight subspaces Vj^^ jy 
and Y^, ^, if the sequences {A^i, . . . , iV„} and {N[, . . . , N^} don't come to each other by a permutation? In this 

case, ^Ni...Nn and ^]\r[...N' belong to different non-equivalent representations and . We advert to this problem 
in the current section. 

The following proposition indicates the conditions under which the lowest energy levels £{Y) and £{Y') in different 
multiplet sectors Vy and Vy/ may be compared. 

Proposition 6. Consider two different su{n) Young tableaux, Y' = Y[iV(, . . . , N'^,] being arbitrary and 

Y — Y[A^i, . . . , N^] being either even or odd in case of the ring, where v, v' < n. Suppose that the highest weight Ay 

o// is also a weight of p^' . Then £{Y') > £{Y). 

Proof. Denote by the space spanned by the relative ground states of the Y multiplet sector Vy ■ The corresponding 
eigenvalue is £{Y) according to the notation in Theorem ^ So, we have: 7i|y^si = £0^) ' 1 and 7i|ysi = £{Y') ■ 1. 
Note that in case of open chain, according to Lemma 01 and Proposition |31 both and are spaces of states of 
irreducible representations and p^ correspondingly. In case of ring, this is true for only while the s[(n,C) 
action on may be reducible consisting of few multiplets each equivalent to p^ . 

Consider the weight subspace corresponding to the highest weight Ay — ^t^i of ■ Remember 

that as usually we set Ni — Q for all i > v. According to Lemma the Hamiltonian Ti, being restricted on it has 
nondegenerate ground state fiy — ^Ni...n„, which belongs to Vy due to Lemma0] Thus we have: fiy G Vj^^ n,^^'^y' ■ 
The space has nonzero intersection with the weight subspace Vj^^ jy„ because Ay is also a weight of p^ . Take 
some state ^ly' belonging to this intersection: ily, g V]^^ n V^. Then (nY,,r2y) = because the subspaces 
and are mutually orthogonal as non-equivalent s[(?t.,C) representations. Both states are eigenstates of the 
Hamiltonian with eigenvalues £{Y) and £{Y'): Hn'y, = £:(Y')0^,, H^Jy = f(Y)f]y. Hence, f(Y') > £{Y) because 
the relative ground state ily of the subspace is nondegenerate. This completes the proof. □ 

Does a simple method exist in order to detect if the highest weight of some irreducible representation belongs 
to the weight space of another representation p^ ? The problem can be resolved by comparative examination of the 
shapes of corresponding Young tableaux Y and Y'. 

Proposition 7. Let Y — Y[iVi, . . . , Ni,] and Y' = Y[A^(, . . . , N^,] be two different su{n) Young tableaux, i.e. ly, v' < n. 
Then the weight space of p^ contains the highest weight of p^ if and only ifY''^Y with the partial order introduced 
in Definition^ 

Proof. Recall Definition [SJ where the standard basis for any s[(n,C) representation in terms of Young tableaux is 
given. To every basic state a Young tableau, colored according to the following rule, corresponds. The colors of the 
boxes along the rows are in nondescending order rightwards, while along the columns they are in ascending order 
downward. See © as an example. 



FIG. 4: The colored Young tableau corresponding to the highest weight state ^'y = 'I'y'' of the multiplet , where Y = Y[3, 2, 1] 
and Ay = 3ei + 2e2 + £3, is shown on the left. In the center the same tableau is drawn for the state ^y"' of same multiplet 
corresponding to the weight Ay' = 2ei + £2 + £3 + £4 + £5. The later is the highest weight of another representation , where 
Y' = Y[2, 1, 1, 1, 1] = Y(5, 1). The corresponding highest weight state ^'y' = ^y''' ^® shown on the right. 

Suppose that Y' >~ Y. According to Definition ^ the tableau Y' is reduced to Y after lowering some of its boxes. 
In the colored Young tableau, corresponding to the highest weight state ^y', these boxes have the colors equal to 
their row numbers (see Fig.|2). We now relabel them according to their new row positions without move them down. 
Obviously, we get in this way another state of , which also belongs to the standard basis. It is clear that its weight 
coincides with the highest weight Ay of . This proves the first part of the proposition. As an example, look at the 
first and last tableaux drawn on Fig. 0] 

Suppose now that Ay is also a weight of . This means that a state ^I'y) from the standard basis of exists, 
which satisfy the relation p^{h)'^^', = Ay(/i)^y'^ for any element h G f). Compare this state with the highest weight 
state "^Y' of p^ . According to Definition |21 of the standard basis, the color of any box in the colored Young tableau 
corresponding to ^'yT is greater than or equal to its row position. If it is greater, let us pull down this box to new row 
position corresponding to its color. Repeating this procedure for all such boxes, we will arrive to the colored Young 
tableau Y corresponding to the highest weig ht state of Hence, Y' ^ Y. This proves the second part of the 
proposition. 

□ 

So, the proof of the main result of this article is completed now. Theorem ^ follows directly from Propositions El El 
andEl 

Example 5. As an example consider the chain with N < n sites. This is the simplest case, where some exacts results 
exist, which would help to test our results. It is easy to see that the minimal energy representation corresponds 
to unique iV-th order totally antisymmetric tensor corresponding to one-column Young tableau Y{N), i.e. to the 
antiferromagnetic states. Indeed, only for this representation all adjacent permutations Pa^x, which make up the 
Hamiltonian Ti., take their minimal value, which equals —1. Similarly the ferromagnetic states constituting the unique 
totally symmetric tensor, which corresponds to one-row Young tableau Y[iV], have the highest energy level, because 
the permutations take their maximal value equal 1 there. Therefore for any Young tableau Y, which corresponds to 
other multiplet p^ contained in the A''-fold tensor product p^ — p^, the inequality 

D{N) D{N) 

£iY{N)) < £{Y) < £{Y[N]), where 5(Y(7V)) = = - ^ Ju+i, £{Y[N]) = £„ax = ^ Ju+i 

1=1 1=1 

takes place. From other side, it is clear that the Young tableau ordering Y{N) ^Y^ Y[N] exists in accordance with 
Theorem Note that the totally symmetric representation p^I^l exists for any value of N. Hence the inequality 
£{Y) < £{Y[N]) for any Y ^ Y[n] is obeyed for su{n) symmetric chain of arbitrary length. 

VI. CONCLUSION 

In this article the energy level ordering of su{n) symmetric antiferromagnetic nearest-neighbor chain with funda- 
mental representation is studied. The translation invariance is not implied and the site-dependent coupling coefficients 
can have arbitrary positive values. Below the main results are summarized briefiy and discussed. 

Due to su(n) symmetry the Hamiltonian is invariant on each Y multiplet sector, where the Young tableau Y 
parameterizes the equivalence class of su{n) multiplets constituting this sector. We have proved in this article that for 
chains with open boundary conditions the lowest energy level £{Yi) in Yi sector is less than the lowest energy level 
in Y2 sector if Young tableau Yi can be obtained from Y2 pulling some of its boxes to lower row positions. Using 
the partial order for Young tableaux introduced in this article we can write: £{Y2) < £{Y2) if Yi -< Y2. Moreover, 



only one multiplet exists in Yi sector, which has the lowest energy level £(Yi). In this sense the relative ground state 
multiplets are nondegenerate. For chains with periodic boundary conditions the same assertion remains true provided 
that all rows of lower Young tableau Yi contain either even or odd number of boxes and there is no restriction on Y2 . 

This result generalized well known Lieb-Mattis energy level ordering theorem for su(2) symmetric models to 
su{n) symmetric chains. In contrast to su(2) case, the ordering is partial for higher symmetries (n > 2) even for 
open chains. This means that not all levels of relative ground states can be compared in this way. This is clear 
from the fact that there are su(n) Young tableaux, which can't be obtained from each other by the displacement of 
some boxes downward (or upward). For higher symmetries the method used in this article is applied to chains with 
nearest-neighbor interactions only. Nevertheless, the discovered ordering allows to obtain a significant information 
about low energy behavior of su(n) symmetric chains. 

As an application of the ordering theorem the su(n) structure and degree of degeneracy of the chain's ground state 
is found. It was established that the ground state is su{n) singlet and nondegenerate if chain's length iV is a multiple 
of n. This is true both for open chains and for rings. Alternatively, for open chain, if N divided by n has a nonzero 
remainder to, i.e. N = m (mod n), then the ground state is degenerate with the degree of degeneracy equal to the 
binomial coefficient C™. All ground states in this case form m-th order antisymmetric su(n) multiplet. In particular, 
if TO = 1 then it coincides with the n-dimensional fundamental representation. 

Another result we have gotten concerns the relative ground states in the weight subspaces. They have been proved 
to be unique for open chains. For rings the additional equal parity condition for all nonzero su(n) color multiplicities in 
the decomposition of corresponding weight should be fulfilled in order to satisfy the uniqueness condition. Moreover, 
if the weight is the highest weight of some Y representation, when the respective relative ground state is the highest 
weight state of the Y multiplet, which has the lowest energy value £(Y) in entire Y multiplet sector. 
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APPENDIX: PERRON-FROBENIUS THEOREM 

In this appendix for the convenience we formulate and give the proof of well known Perron-Frobenius theorem (see, 
for instance, Ref . l2^ . First, remember the definition of the connected matrix. 

Definition 5. The matrix is called connected if for any pair a sequence of indexes ii,i2, ■ ■ ■ ,ik exists such 

that CliiiCli^i^ . . . O-i^j ^ 0. 

Tlieorem (Perron-Frobenius f22^). // a connected hermitian matrix A — {aij}\^ has no positive off-diagonal 
elements then it has nondegenerate ground state ip — {V'j}|"=i with positive components, i.e. ipi > 0. 

Proof. Denote by A the minimal eigenvalue of A and by X\ the corresponding subspace. Any vector -0, belonging to 
Xx, obeys 

Oii'Tpi' = (A - ait)'4>i. (A.l) 
Then the vector ■0^ :— lipil with non-negative elements also belongs to this subspace. This follows from the inequality 

and from the properties of A {oij < if i ^ j). Thus, ^p' also satisfies (|A.1|I . 

We'll prove now that all elements of ip' (and ip) are nonzero. Indeed, suppose that i/jj — for some j. From ljA.l|) 
we get: CLjiip'^ = 0. In order to satisfy this, the elements for which Oji ^ 0, should vanish too. Because A is 

a connected matrix, we conclude that all elements V'i should vanish. Thus, all are nonzero. 

Turning back to the inequality (|A.2p . we observe now that the equality takes place only if all coefficients ipi have 
the same sign, otherwise the left side is strongly less than the right side. So, if V' G -'^a then V'i > for all i = 1, . . . , 71 
up to an overall sign factor. This proves the second part of the theorem. 

Suppose now, there are two different minimal states ip^jip'^ G X\. From the arguments above, one can consider 
them to be positive, i.e. ip]''^ > 0. Any nonzero superposition of ip'^ and ip'^ also belongs to X\. Evidently, among 



them one can choose one, which has the coefficients with alternating sign. This contradicts with the second part of 
the theorem already proved. Thus, the space Xx is one-dimensional. □ 
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